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A b s t r a c t  

In  t h i s  paper  we p r e s e n t  some p r e l i m i n a r y  r e s u l t s  from t h e  

t h e o r y  of random g r a p h s  a n d  d i g r a p h s ,  p a r t i c u l a r l y  i n  r e f e r e n c e  t o  

t h e i r  e v o l u t i o n  as  a t ime-dependen t  p r o c e s s .  The main i d e a s  come 

from t h e  work o f  Erdb's and Re'nyi, w h o  d e s c r i b e  a random g r a p h  a s  a n  

i n d e p e n d e n t  t r i a l s  s t o c h a s t i c  p r o c e s s .  The number, N ,  of edges  i n  

t h e  g raph  i s  kep t  t o  be f i x e d ,  o E v o l u t i o n  o f  a r a n d o m  

d i g r a p h  ( d i r e c t e d  g r a p h )  may s i m i l a r l y  be d e s c r i b e d ,  e . g .  P a l a s t i ' s  

r e c e n t  w o r k  on s t r o n g  connec tedness  o f  random d i g r a p h s .  Another  

approach  i s  t h a t  o f  G i l b e r t ,  i n  which N i t s e l f  i s  s random v a r i a b l e ,  

and which i s  s i m i l a r l y  c a r r i e d  over  t o  d i g r a p h s .  We s t u d y  i n  d e t a i l  

some s p e c i f i c  s i t u a t i o n s  f o r  t h e  c a s e  when t h e  number o f  d i e d g e s  

( d i r e c t e d  e d g e s )  i n  a random d ig raph  remain f i x e d  by v i r t u e  o f  t h e  

f a c t  t h a t  e i t h e r  t h e  v a l e n c i e s  (number of d i e d g e s  s t a r t i n g  from a 

p o i n t ) ,  o r  t h e  d e n s i t i e s  (number of edges t e r m i n a t i n g  a t  a p o i n t )  

o r  b o t h  remain f i x e d  t h r o u g h o u t  t h e  e v o l u t i o n a r y  p r o c e s s .  The c a s e  

'when both  t h e  v a l e n c i e s  a n d  t h e  d e n s i t i e s  a r e  rs.ndom v a r i a b l e s  g i v e s  

r i s e  t o  t h e  v a r y i n g  number o f  d i e d g e s .  A formal  d e s c r i p t i o n  of  a 

m u l t i p l e  M a r k o v i a n  p r o c e s s  f o r  va ry ing  d e n s i t i e s  b u t  f i x e d  v a l e n c i e s ,  

i s  a l s o  g i v e n  wi th  r e s u l t s  f o r  some s imple  c a s e s .  

N - < (;). 
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The a i m  o f  t h i s  r e p o r t  i s  t o  i n d i c a t e  some o f  t h e  

w o r k  w h i c h  i s  b e i n g  p u r s u e d  w i t h  a v i e w  o f  a p p l y  g r a p h -  

t h e o r e t i c  m e t h o d s ,  i n  p a r t i c u l a r  t h e  n o t i o n s  o f  r a n d o m  

g r a p h s  a n d  d i g r a p h s ,  i n  a p p l i e d  p r o b a b i l i t y  s i t u a t i o n s .  

F o r  m o s t  o f  o u r  d e f i n i t i o n s ,  n o t a t i o n s  a n d  c o n c e p t s ,  we 

r e f e r  t o  Erdb's a n d  Re'ny i  [3], a n d  B h a r g a v a  El]. A g _ r a p h  - 

c o n s i s t s  o f  a s e t . V  o f  n l a b e l e d  p o i n t s  ( c a l l e d  v e r t i c e s ) ,  

a n d  a s e t  o f  N l i n e s  ( c a l l e d  e d g e s )  j o i n i n g  n o n e ,  some, o r  

a l l  o f  t h e  p a i r s  o f  p o i n t s ,  i . e .  0 - < N - < ( i ) ;  
s u c h  a g r a p h  b y  G n , N .  

p a r a l l e l  e d g e s  o r  l o o p s .  A d i g r a p h  ( d i r e c t e d  g r a p h )  c o n -  

s i s t s  o f  a s e t  V o r  v e r t i c e s ,  a n d  a s e t  E o f  d i e d g e s  

( d i r e c - t e d  e d g e s )  s u c h  t h a t  Q c  - E c V x V - C ( i , i ) :  - i E V I ,  

we d e n o t e  

I t  i s  assumed t h a t  a g r a p h  has  n o  

w h e r e  VxV d e n o t e s  t h e  C a r t e s i a n  p r o d u c t  o f  s e t  V w i t h  

i t s e l f .  Once a g a i n ,  we assume t h a t  a d i g r a p h  has  n o  m u l -  

t i p l e  d i e d g e s  and  n o  l o o p s ,  a n d  d e n o t e  a d i g r a p h  w i t h  n 

v e r t i c e s  a n d  N d i e d g e s  b y  D w h e r e  N i s  t h e  number o f  
n,N 

e l e m e n t s  i n  t h e  s e t  E; c l e a r l y  0 - < N - < n ( n - 1 ) .  We r e m a r k  

t h a t  d i g r a p h s  w i t h  l o o p s  a r e  a l s o  o f  i n t e r e s t  b u t  t h e i r  

c o n s i d e r a t i o n  i s  o m i t t e d  h e r e .  

A r a n d o m  e v o l u t i o n a r y  g r a p h  may b e  d e f i n e d  i n  many 

d i f f e r e n t  ways .  F o r  e x a m p l e ,  a v e r y  g e n e r a l  way c o n s i s t s  

i n  c h o o s i n g  a random s u b s e t  f r o m  t h e  s e t ,  V ,  o f  v e r t i c e s ,  

a n d  t h e n  a n o t h e r  r a n d o m  s u b s e t  w h i c h  may b e  q u i t e  a r b i t -  

r a r y ;  t h e n  we d e f i n e  a random m a p p i n g  f r o m  t h e  f i r s t  c h o s e n  

s u b s e t  t o  t h e  s e c o n d .  N e x t ,  we s e l e c t  a t h i r d  s u b s e t  

a c c o r d i n g  t o  a p r o b a b i l i t y  d i s t r i b u t i o n  w h i c h  may d e p e n d  
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on t h e  f i r s t  t w o  c h o i c e s  of t h e  s u b s e t s ,  and t h e n  d e f i n e  a 

random mapping between t h e  s econd  and t h e  t h i r d  s u b s e t s .  

This  p rocedure  may be con t inued  as  long a s  we w a n t ,  each  

r a n d o m  mapping d e f i n i n g  a c l a s s  of edges  so  t h a t  a t  any 

p a r t i c u l a r  s t a g e  we have a g r a p h  c o n s i s t i n g  of randomly 

chosen  e d g e s .  

A s i m p l e r  way of d e f i n i n g  a random g r a p h  i s  t o  f i r s t  

p i c k  a po.int  a t  r a n d o m  from t h e  s e t ,  V ,  of  v e r t i c e s ,  and 

t h e n  t o  move from t h i s  p o i n t  t o  a n o t h e r  w i t h  a c e r t a i n  

p r o b a b i l i t y  d i s t r i b u t i o n .  T h i s  d e f i n e s  a n  edge .  From t h e  

p o i n t  a r r i v e d  a t ,  we then  move t o  a n o t h e r  p o i n t  a c c o r d i n g  

t o  a p r o b a b i l i t y  d i s t r i b u t i o n  which depends o n  t h e  p r e v i o u s  

p o i n t s  v i s i t e d ;  t h e  p o s s i b i l i t y  of r e p e a t i n g  p o i n t s  t h a t  have 

been v i s i t e d  b e f o r e ,  or r e t u r n i n g  t o  t h e  s t a r t i n g  p o i n t  i s  

n o t  e x c l u d e d .  The p o i n t s  may e i t h e r  be chosen i n d e p e n d e n t l y  

i n  s u c c e s s i o n ,  o r  be chosen i n  a Markov s e q u e n c e .  However, 

such  g e n e r a l i z a t i o n s  a r e  n o t  v e r y  f r u i t f u l ,  and sometimes 

n o t  even n e c e s s a r y .  A s imple  a n d  u s e f u l  approach i s  t h a t  

o f  Erdb's a n d  Re'nyi [ 2 ]  who e s s e n t i a l l y  s t a r t e d  t h e  s t u d y  o f  

random g r a p h s :  A g r a p h  G i s  s a i d  t o  be a -- randcn  g r a p h  

i f  i t  i s  chosen w i t h  same p r o b a b i l i t y  a s  any o t h e r  member 

from t h e  c l a s s  of a l l  g r a p h s  c o n s i s t i n g  o f  n v e r t i c e s  a n d  

N e d g e s ;  t h i s  p r o b a b i l i t y  i s  l / ( (# . ) ) .  The e v o l u t i o n a r y  

p r o c e s s  i s  d e s c r i b e d  by looking  a t  a random g r a p h  a s  a 

s t o c h a s t i c  p r o c e s s .  A t  t ime t = 1 ,  one chooses  a n  edge 

from t h e  ( n )  p o s s i b l e  edges w i t h  p r o b a b i l i t y  l / ( i ) ;  a t  t = 2 ,  

a new edge i s  chosen w i t h  p r o b a b i l i t y  l / { ( ; ) - l l ;  a n d  s o  on .  

n ,N 

2 
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In a n  obvious  manner ,  one can d e f i n e  a r a n d o m  d i g r a p h  - ( o r  

a d i r e c t e d  -- r a n d o m  g r a p h  a s  c a l l e d  i n  P a l a s t i  [ 5 1 ) .  Another  

u s e f u l  approach  i s  t h a t  o f  G i l b e r t  [ 4 ]  i n  which t h e  evo-  

l u t i o n  i s  c o n s i d e r e d  by a s s i g n i n g  a p r o b a b i l i t y  p ,  0 < p < 1 ,  

o f  j o i n i n g  a p a i r  of v e r t i c e s  by means of a n  e d g e ;  or e q u i -  

v a l e n t l y  by e r a s i n g  w i t h  a p r o b a b i l i t y  q = l - p ,  a n  edge  

between any p a i r  of v e r t i c e s  from t h e  comple t e  g r a p h  ( a 

g raph  which has a l l  p o s s i b l e  edges i . e .  ( ; ) ) .  

of  Erdgs-Rgnyi a n d  G i l b e r t  app roaches  i s  o f  i n t e r e s t s  i n  

i t s e l f .  

A comparison 

One may n o w  a sk  v a r i o u s  i n t e r e s t i n g  q u e s t i o n s  a b o u t  

such  g r a p h s  and d i g r a p h s .  F o r  example:  W h a t  i s  t h e  p r o -  

b a b i l i t y  t h a t  a random g r a p h  G ( a  random d i g r a p h  D ) 

i s  connec ted  ( s t r o n g l y  connec ted )  or has  a p r o p e r t y  

P a t  a c e r t a i n  s t a g e  o f  t h e  p r o c e s s ?  W h a t  i s  t h e  p r o b a b i l i t y  

d i s t r i b u t i o n  of t h e  f i r s t  o c c u r r e n c e  of a connec ted  g r a p h  

( s t r o n g l y  connec ted  d i g r a p h ) ?  What i s  t h e  p r o b a b i l i t y  t h a t  

a g r a p h  ( d i g r a p h )  e v e r  becomes connec ted  ( s t r o n g l y  c o n n e c t e d ) ?  

These  a n d  some o t h e r  q u e s t i o n s  have been c o n s i d e r e d  by Erdb's 

and R6nyi [ 2 ] ,  [ 3 ] ,  a n d  P a l a s t i  [ 5 ]  i n  t h e i r  ve ry  i n t e r e s t i n g  

p a p e r s .  

n ,N "N 

In  a l l  o f  t h e  schemes d e s c r i b e d  a b o v e ,  t h e  number, n ,  

o f  v e r t i c e s  i s  kept  f i x e d  w h i l e  t h e  number, N ,  of  edges  

( d i e d g e s )  v a r i e s  i n  t i m e .  A scheme f o r  d e s c r i b i n g  a r andom 

e v o l u t i o n a r y  d i g r a p h  i n  which N i s  a l s o  kept f i x e d  has been 

e s s e n t i a l l y  d e s c r i b e d  i n  some d e t a i l  by B h a r g a v a  1 1 1 .  T h i s ,  

o f  n e c e s s i t y ,  changed t h e  c h a r a c t e r  of randomness of t h e  
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d i g r a p h ,  b u t  such a n  approach a p p e a r s  t o  be more u s e f u l  i n  

a p p l i c a t i o n s  t o  v a r i o u s  f i e l d s ;  f o r  example,  n e t w o r k s ,  The 

model i n  [ I ]  i s  main ly  used t o  a n a l y z e  t ime changes  i n  t e rms  

o f  t h e  a g g r e g a t e  of s u b d i g r a p h s  o f  t h e  g iven  d i g r a p h ,  a n d  

p r e s e n t s  t e c h n i q u e s  f o r  doing s o .  I n  t h i s  s e c t i o n  we 

p r e s e n t  a f o r m a l i z a t i o n  of t h e  above t y p e  of  random d i g r a p h ,  

f o r  f i x e d  n a n d  N ,  i n  terms of a d i g r a p h - v a l u e d  Markov p r o -  

c e s s .  The number, N ,  of d i e d g e s  m a y  be t aken  a s  a r a n d o m  ' 

v a r i a b l e  us ing  a G i l b e r t  t y p e  a p p r o a c h .  We a l s o  remark 

t h a t  a l l  t h e  e v o l u t i o n a r y  p r o c e s s e s  d e s c r i b e d  so  f a r ,  w i t h  

t h e  e x c e p t i o n  of  t h e  Ehargava a p p r o a c h ,  a r e  independen t  

t r i a l s  p r o c e s s e s ,  a n d  a s  such n o t  a p p l i c a b l e  i n  dynamic 

s t u d i e s .  

-Let V = { l Y 2 , . . . , n ~  d e n o t e  t h e  s e t  o f  n v e r t i c e s  o f  

a g iven  d i g r a p h  D which i s  such t h a t  a v e r t e x  i o f  t h e  

d i g r a p h  has  va l ency  c i  ( t h e  number of d i e d g e s  s t a r t i n g  from 

i t ) ,  a n d  d e n s i t y  d i  ( t h e  number of d i e d g e s  ending  a t  i t ) ,  

i = l , Z  , . . . , n .  C l e a r l y  Cc = C d i  = F;, s a y .  The re  a r e  f o u r  

p o s s i b l e  ways of d e s c r i b i n g  t h e  e v o l u t i o n  of such a d i g r a p h :  

( a )  Both c i ' s  a n d  d ' s  remain f i x e d  t h r o u g h  t h e  t i m e ,  

( b )  c i ' s  remain f i x e d  b u t  d j ' s  change i n  t i m e ,  ( c )  d i ' s  

remain f i x e d  b u t  c i ' s  change i n  t i m e ,  ( d )  b o t h  c i ' s  and d i t s  

change i n  t ime .  I n  t h e  f i r s t  t h r e e  c a s e s  ( a ) ,  ( b ) ,  and ( c )  

t h e  number of  edges remain f i x e d ,  whereas  i n  t h e  c a s e  ( d )  

t h e  number of edges i s  a t ime-dependen t  r a n d o m  v a r i a b l e .  

We c o n s i d e r  t h e  s i m p l e  case  ( b )  where t h e  number of edges  

l i  1 

i 
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a n d  tk nurnberafvcrticces r e m a i n  f i x e d  a n d  t h e  change i n  

d i g r a p h  t a k e s  p l a c e  because o f  t h e  change i n  t h e  p r o b a b i l i t y  

d i s t r i b u t i o n  o f  t h e  c i ’ s  i . e .  o f  t h e  r a n d o m  v e c t o r  

( ~ 1 3 ~ 2  3 * 9 C n )  * 

I t  now seems p o s s i b l e  t o  d e s c r i b e ,  r a t h e r  s i m p l y ,  t h e  

e v o l u t i o n  o f  a r a n d o m  d ig raph  a s  a formal  s t o c h a s t i c  

p r o c e s s  w i t h  a l l  i t s  s t a n d a r d  problems o f  l i m i t i n g  s t a b l e  

d i s t r i b u t i o n s ,  s t a t i s t i c a l  i n f e r e n c e  a b o u t  t h e  p a r a m e t e r s  

i n v o l v e d ,  e t c .  I n  v a r i o u s  p r a c t i c a l  s i t u a t i o n s  a r a n d o m  

d i g r a p h  i s  found t o  be a r e a s o n a b l e  p r o b a b i l i s t i c  model 

under  s u i t a b l e  c o n d i t i o n s .  We g i v e  a ve ry  g e n e r a l  d e s c r i p -  

t i o n  of  a d i g r a p h - v a l u e d  Markov p r o c e s s .  Because of t h e  

h o p e l e s s n e s s  o f  t h e  gene ra l  s i t u a t i o n ,  we s p e c i a l i z e  o u r  

process  t o  some s p e c i f i c  s i t u a t i o n s ,  

Let V = { l , Z  , . . . , n I  be a s e t  of v e r t i c e s ,  a n d  l e t  

E = { e i j  = < i , j > l i  # j , i , j  E V I  be t h e  s e t  o f  a l l  o r d e r e d  

p a i r s  o f  d i s t i n c t  p o i n t s  i n  V ,  i . e .  E i s  t h e  s e t  o f  d i e d g e s ;  

t h e  number of  e l emen t s  in E i s  n ( n - 1 ) :  Le t  Ei = { e i j l i  # j ,  

j E VI, i E V ,  be t h e  s e t  o f  a l l  d i e d g e s  s t a r t i n g  from 

v e r t e x  i ;  t h e  number o f  e lemen t s  i n  Gi  i s  n-1.  I f  Z E i  

d e n o t e s  t h e  c l a s s  of  a l l  s u b s e t s  of E i ,  t h e n  t h e r e  a r e  

2”’ e l e m e n t s  i n  t h e  c l a s s  Z E i .  

We d e n o t e  by G ( V , & )  = {<V,E>1ECEI t h e  c l a s s  o f  a l l  
d i g r a p h s  on  s e t  V ;  t he  number o f  such d i g r a p h s  i s  2 n ( n - I )  

and any d i g r a p h  < V , E >  i s  c o m p l e t e l y  d e s c r i b e d  by t h e  

sequence  ( < i , E i > ) l  < i < n ,  where E i c E i  f o r  a l l  1 - < i - < n .  

Y 

- - 
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Let  T ( V , N )  = { < V , E >  E G ( V , E ) I # E  = N ) ,  where # E  d e n o t e s  

. 

t h e  number of e l emen t s  i n  t h e  s e t  E .  Le t  c = # E .  be t h e  

v a l e n c y  of v e r t e x  i ;  then  T ( V ,  C c i ) ~ ~ ( V ; c l y . . . , c n )  
n i 1 

i =1  

One can n o w  f o r m  a very ge r , e ra l  s t o c h a s t i c  p r o c e s s  

where t h e  outcome o n  t h e  " t - t h  t r i a l "  i s  a d i g r a p h  g t  i n  

t h e  c l a s s  G ( V t y E t ) .  

a d i g r a p h - v a l u e d  M a r k o v  p rocess  f o r  a r a t h e r  r e s t r i c t i v e  

c a s e ,  v i z .  when g t  E T ( V ; c l ( t ) , . . . , c n ( t ) )  where # V  = n 

i s  f i x e d  a n d  t h e  v a l e n c i e s  c i ( t )  a r e  random v a r i a b l e s .  

I n  t h i s  paper  we f o r m a l l y  d e s c r i b e  

For each  t - > 0 ,  c i ( t ) .  E ~ 0 , 1 , . . . , n - 1 1 ,  1 - < i - < n .  

j L e t  C d e n o t e  t h e  s e t  o f  n - t u p l e s  (7 = < i l ,  . . . ,  i n > l i  

E { O , l ,  . . . ,  n-111,  s o  t h a t  iff= n . Let  11 711 = C i a n d  

5 = -{T E C (  1 1  11 = N). Let  F ( t )  = { < c l ( t ) ,  . . . ,  c n ( t ) ) ;  - 

i f  1 1  C ( t ) I (  = N .  We have a d i g r a p h  o n  n v e r t i c e s  w i t h  

N d i e d g e s ,  i . e .  C ( t )  E CN. 

n n 
j = l  j '  

We f o r m a l l y  w r i t e  
- 

P(C(0)  = 3) = p-, j E c'. 
J 

- - - - -  
P ( C ( t )  = j l c ( t - 1 )  = i )  = p T T ( t ) )  i , j  E C' 

1 J  
T h u s  ( C ( W t  > 0 i s  a Markov c h a i n  w i t h  i n i t i a l  p r o b a b i l i t y  

d i s t r i b u t i o n  ( p - ) -  a n d  t r a n s i t i o n  p r o b a b i l i t i e s  

[ p T , ~ ( t ) l ~ , ~  

- 

j j & C "  
cat t i m e  t > 0 .  

The prGcess  may now be d e s c r i b e d  i n  t h e  f o l l o w i n g  way: - 

( i )  .Once we have C ( 0 )  = < c l ( 0 ) ,  . . . ,  c , (O)> we s e l e c t  

c i ( 0 )  d i e d g e s  from Ei i n  a n  a p p r o p r i a t e  manner;  f o r  example ,  

we may s e l e c t  c i ( 0 )  a t  r a n d o m  from E i  t o  form E i ( 0 ) .  We g e t  
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t h e  d i g r a p h  g o  = ( < i ,  E i ( 0 ) > )  

. 

g t  = My  Eiyt>)l<i<n by f i r s t  o b t a i n i n g  C ( t )  a c c o r d i n g  t o  
- -  

i t s  M a r k o v  t r a n s i t i o n  l a w ;  t h e n  we c o n s t r u c t  t h e  s e t  E . ( t ) ,  
1 

w h e r e  

We now h a v e  random v a r i a b l e s  t a k i n g  v a l u e s  i n  { O , l ,  . . ., 
C ( t )  = < c l ( t ) ,  . . ., c n ( t ) > ,  a n d  # E i ( t )  = c . ( t ) .  

1 

c i ( t - l )  A c i ( t ) l ,  a n d  w e  c h o o s e  x i ( t )  d i e d g e s  f r o m  E i ( t - 1 )  

a n d  c i ( t )  - x i ( t )  d i e d g e s  f r o m  t i ( t - l )  w h e r e  d e n o t e s  

c o m p l e m e n t  o f  E .  T h i s  i s  a s i m p l e  d e v i c e  t o  w e i g h  t h e  d i e d g e s  

t o  b e  c h o s e n  f o r  E . ( t )  a c c o r d i n g  t o  w h e t h e r  o r  n o t  t h e y  

a p p e a r e d  i n  E i ( t - 1 ) .  T h e n  
1 

P ( E i ( t )  = E .  1 I E i ( t - l ) , c i ( t ) , X i ( t ) )  

Each < i , E . ( t ) > ,  1 - < i - < n i s  c h o s e n  i n d e p e n d e n t l y  
1 

a c c o r d i n g  t o  t h e  p r o c e d u r e  o u t l i n e d  a b o v e .  

L e t  X ( t )  = < X l ( t ) ,  . . ., X ( T ) > .  T h e n  
n 

- * 
0 P h t  - - 9 lgtml A t )  A t ) )  - -  

= < V , E ( t - l ) >  = ( < i y E i ( t - l ) > l l  < < g t - 1  - - 
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. 

If C ( t )  E C N y  t h e n  I l C ( t ) I I  = N ,  a n d  # E ( t )  = N ,  

E T(V,N)  f o r  e v e r y  t - > 0 .  T h i s  r e q u i r e s  p o s s i b l e  
gt 

r e p r e s e n t a t i o n s  o f  N a s  a sum o f  n o f  t h e  i n t e g e r s ,  - 
~ 0 , 1 , . . . , n - 1 1 ~  F o r  l e t  C b l  = <i , . . , , i n > ,  I lC(t)I I  

n 1 
= 1 i. = N ,  t h e n  t h e  number o f  e l e m e n t s  i n  C w h i c h  i s  
.i=l J N '  

t h e  same as  t h e  p o s s i b l e  v a l u e s  f o r  C ( t ) ,  i s  d e t e r m i n e d  

by t h e  number  o f  r e p r e s e n t a t i o n  o f  N a s  a sum o f  n i n t e g e r s  

from { O , l , . . . , n - l ~ .  

F i n a l l y ,  we c o n s i d e r  a s i m p l e r  c a s e  w h e r e  we assume 

X i ( t )  t o  b e  same f o r  e a c h  i = l y Z  y . . . , n ,  a n d  t h a t  e a c h  

X ( t )  has  a b i n o m i a l  d i s t r i b u t i o n  b ( c . ( t - 1 )  A c i ( t ) , l ) .  

By f u r t h e r  a s s u m i n g  t h a t  C ( t )  Z < c y c y . .  , ,c> s o  t h a t  
1 

E I ' (V ;c , . . . , c ) ,  a n d  X . ( t )  i s  b ( c , X )  f o r  1 - < i - < n ,  t -- > 0 ,  
St 1 

we g e t  

w h e r e  k = #(E.( t )n E . ( t - 1 ) ) .  
i 1 1 

F o r  c = 1 ,  t h i s  r e d u c e s  tc? 

w h e r e  k i s  t h e  n u m b e r  o f  i ' s  f o r  w h i c h  E . ( t )  = E i ( t - 1 ) .  
1 
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A b s t r a i t  

. 

/ # 
Dans c e  p a p i e r  nous p r e s e n t o n s  des  r e s u l t a t s  p r e -  

l i m i n a i r e s  de  l a  t h g o r i e  de l ' g raphes"  e t  de " d i g r a p h e s , "  

p a r t i c u l i e r m e n t  a l ' e g a r d  de l e u r  g v o l u t i o n  comme p rocedes  

I t e m p s - d e p e n d a n t . "  

t r a v a i l  d ' E r d o s  e t  de Renyi,  q u i  d e c r i v e n t  u n  g r a p h e  

c h o i s i  a u  hasa rd  comme u n  p rocede  e p r e u v e - s t o c h a s t i q u e .  

/ /  \ \ /  

/ 
Les i d g e s  p r i n c i p a l e s  v i e n n e n t  d u  

/ 

/ / /  

/ 
Le c h i f f r e  n aux bords du  g raph  r e s t e  f i x e  0 - < N - < ( F ) .  
L ' g v o l u t i o n  d ' u n  d i g r a p h e  ( c o u r b e  d i r i g g e )  p e u t  G t r e  

d e c r i t  p a r e i l l e m e n t ,  p a r  exemple ,  l ' o u v r a g e  r g c e n t  de 

P a l a s t i  s u r  l ' a f f i n i i e  f o r t e  e n t r e  des  g r a p h e s  c h o i s i s  a u '  

h a s a r d .  

Au t re  approche  e s t  c e l l e  d e  G i l b e r t  ou ' ' N "  m&e, e s t  u n  

v a r i a b l e  c h o i s i  a u  hasard e t  q u i  e s t  p a r e i l l e m e n t  r a p p o r t e  

aux d i g r a p h e s .  Nous G t u d i o n s  en d g t a i l  d e s  s i t u a t i o n s  

s p g c i f i q u e s  pour  l e  c a s  o u  l e  nombre de " d i e d g e S " ( b o r d s  

d i r i g c s )  dans u n  d i g r a p h  r e s t e  f i x e  a f o r c e  d u  f a i t  que 

ou l e s  v a l e n c e s  (nombre de ( d i e d g e s )  p o r t a n t  d ' u n  p o i n t ) ,  

ou l e s  d e n s i t / e s  (nombre de d i e d g e s  qui  s e  t e r m i n e n t  a u n  

0 

0 

- 
\ 

/ 

\ 

\ 

\ 

/ / I  
. p o i n t ) ,  ou l e s  deux r e s t e n t  f i x e s  a t r a v e r s  l e  p rocede  
/ \ 
e v o l u t i o n n a i r e .  Le c a s  ou t o u s  l e s  deux v a l e n c e s  e t  l e s  

d e n s i t e s  s o n t  des  v a r i a b l e s  donne n a i s s a n c e  a u  nombre 

v a r i a b l e  de " d i e d g e s . "  Une d e s c r i p t i o n  f o r m e l l e  d ' u n  

m u l t i p l e  p rocede  Markovien pcur  des  d e n s i t g s  v a r i a b l e s  

m a i s  des  v a l e n c e s  f i x g s  e s t  a u s s i  donnee avec  l e s  r g s u l t a t s  

1 

0 /  

/ 

de q u e l q u e s  c a s  s i m p l e s .  
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